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We investigate the stability of gravity currents, in a rotating system, that are infinitely
long and uniform in the direction of low and for which the current depth vanishes on
both sides of the flow. Thus, owing to the role of the Earth’s rotation in restraining
horizontal motions, the currents are bounded on both sides by free streamlines, or
sharp density fronts. A model is used in which only one layer of fluid is dynamically
important, with a second layer being infinitely deep and passive. The analysis includes
the influence of vanishing layer depth and large inertial effects near the edges of the
current, and shows that such currents are always unstable to linearized perturbations
(except possibly in very special cases), even when there is no extremum (or gradient)
in the potential vorticity profile. Hence the established Rayleigh condition for in-
stability in quasi-geostrophic models, where inertial effects are assumed to be vanish-
ingly small relative to Coriolis effects, does not apply. The instability does not depend
upon the vorticity profile but instead relies upon a coupling of the two free streamlines.
The waves permit the release of both kinétic and potential energy from the mean flow.
They can have rapid growth rates, the e-folding time for waves on a current with zero
potential vorticity, for example, being close to one-half of a rotation period. Though
they are not discussed here, there are other unstable solutions to this same model when
the potential vorticity varies monotonically across the stream, verifying that flows
involving a sharp density front are much more likely to be unstable than flows with
a small ratio of inertial to Coriolis forces.

Experiments with a current of buoyant fluid at the free surface of a lower layer are
described, and the observations are compared with the computed mode of maximum
growth rate for a flow with a uniform potential vorticity. The current is observed to
be always unstable, but, contrary to the predicted behaviour of the one-layer coupled
mode, the dominant length scale of growing disturbances is independent of current
width. On the other hand, the structure of the observed disturbances does vary: when
the current is sufficiently narrow compared with the Rossby deformation radius (and
the lower layer is deep) disturbances have the structure predicted by our one-layer
model. The flow then breaks up into a chain of anticyclonic eddies. When the current
is wide, unstable waves appear to grow independently on each edge of the current and,
at large amplitude, form both anticyclonic and cyclonic eddies in the two-layer fluid.
This behaviour is attributed to another unstable mode.
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1. Introduction

There have been many studies of the stability of stratified shear flows in a rotating
fluid. Apart from Kelvin-Helmholtz instabilities, most studies have concentrated
upon quasi-geostrophic models, in which inertial forces are small compared with
Coriolis forces. These studies reveal two fundamental types of instabilities. The first of
these takes place in a one-layer fluid. The resulting (barotropic) instability is driven by
the horizontal shear of the basic flow, and requires an extremum in the profile of
potential vorticity (i.e. absolute vorticity divided by depth). Although potential
energy may be released by the instability, it is necessary that kinetic energy of the
mean flow be released. The second type of instability takes place in a two-layer fluid
(or, of course, a continuously stratified one). This instability, usually called baroclinic
instability (cf. Pedlosky 1964), can occur without the release of mean kinetic energy
but does require the release of mean potential energy that was stored in the density
field. Again, a necessary condition for instability is that the gradient of potential
vorticity changes sign somewhere within the fluid.

Models in which inertial forces are assumed to be much smaller than the Coriolis
forces are appropriate for large-scale motions in the ocean and atmosphere, but do not
provide a good description of many smaller-scale motions, such as the instabilities of
density fronts in the ocean, where inertial forces can be comparable with Coriolis
forces. By a ‘front’ we refer to the situation where a density surface intersects an upper
or a lower boundary (such as the ocean surface or bottom). For this situation the
conservation of potential vorticity by fluid columns aligned parallel to the axis of
rotation, along with the vanishing layer depth, suggests that the fluid vorticity near
the front may be comparable to the background (planetary) vorticity. Motions will
then be strongly influenced by inertial forces. However, there have been very few
studies (Orlanski 1968) of instabilities at density fronts because of the complexity of
including the ageostrophic terms.

In this paper we want to study the situation in which the same density surface has
two intersections with the same boundary (i.e. there are two fronts present). Such a
situation occurs whenever buoyant water forms a narrow current at the ocean surface
(away from coastal boundaries) or when dense water flows in a narrow stream over the
ocean bottom under the influence of buoyancy forces. One such case is the flow of cold,
dense Norwegian Sea water through the Denmark Strait and along the sloping bottom
south of the strait (Worthington 1969; Mann 1969; Smith 1976). Coriolis forces are
able to inhibit any slumping of the buoyant fluid in the direction perpendicular to the
direction of flow and, at the same time, the presence of a cross-stream bottom slope
prevents the current from curving to its right. We show here that the presence of two
free streamlines, at the intersections of the density interface with the bottom on each
side of the current, gives rise to another mechanism for instability. This mechanism
operates even when only one layer of fluid (the current itself) is present, and instability
does not depend critically upon the details of the potential vorticity profile.

Because we are particularly interested in the possibility that a single layer of fluid
can be unstable, we consider a current flowing beneath a deep second layer which is
stationary and passive. We show that a long rectilinear current bounded by two free
streamlines and adjacent to a sloping (or horizontal) boundary is (almost) always un-
stable. Normal-mode perturbations with finite downstream wavelengths lead to the
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F1oure 1. The configuration for the one-layer problem considered in this paper.

exponential growth of a combination of meandering and varicose modes.t This
combination leads to release of kinetic and potential energy from the original flow.
For a current with zero potential vorticity, the wavelength with maximum growth
rate is predicted to be 7-9 times the deformation radius based on the maximum depth
of the current, and the maximum growth rate gives an e-folding time of 0-57 rotation
periods.

For a general vorticity distribution, it is shown that instability will always occur
for sufficiently long waves whether or not the traditional Rayleigh criterion is satisfied,
provided only that the undisturbed relative vorticity does not vanish at points where
the flow velocity is equal to the phase velocity of growing disturbances. This kind of
instability relies upon a coupling between the two edges of the current. It is therefore
likely to continue to contribute to the energy release from sufficiently narrow currents
when there are two layers of finite depth and where baroclinic two-layer instability
may beimportant. Asa particularly useful example (and one that may give areasonable
description of oceanic and laboratory currents — at least up to the single-layer assump-
tion) we next consider flows with a finite but uniform potential vorticity and describe
the exact numerical solution of the eigenvalue problem. In this case the radius of
deformation and the current width are independent length scales. When all lengths
are non-dimensionalized by the deformation radius we find that the downstream length
scale of the most rapidly growing disturbance increases, while its growth rate decreases,
with increasing current width.

The very unstable nature of a current with two free streamlines is demonstrated by
laboratory experiments. A narrow current of buoyant fluid was produced at the free
surface of a deep lower layer by floating a layer of fresh water on top of a salt solution
between two axisymmetric cylindrical walls in a rotating system. When the walls were
withdrawn, gravitational collapse produced a narrow annular flow with approximately
uniform potential vorticity. Coupled disturbances, with a structure that was very
similar to that predicted, appeared on the two fronts when the initial half-width of the
current was less than twice the initial Rossby radius. The flow rapidly developed into

1 It can also be shown that in the limit of very large downstream length scales variations of
current width will give rise to a purely meandering instability. This meandering mode will grow
linearly with time (Griffiths 1980).
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a chain of anticyclonic eddies. The preferred downstream length scale of disturbance
was 7-4 + 1-3 times the radius of deformation for the state of geostrophic balance and
was independent of current width. For narrow currents the observed length scale and
structure of the instabilities can be explained by the present theory, but the model
does not explain the instability that is observed when the current is wide. In that case
a second mode of instability appeared to occur on each independent density front.
This second mode may well require an active second layer, or else it may be the mani-
festation of another unstable solution to the equations for a single-layer fluid. This
other unstable solution occurs on each front independently and will be discussed in
another paper.

2, The stability problem
Governing equations

We consider the configuration in figure 1, in which a fluid of uniform density p, flows
beneath an infinite fluid of density p, < p,, against a uniformly sloping bottom whose
(constant) gradient in the y-direction is —a. The undisturbed flow is taken to be
parallel to the z-axis. Assuming no flow in the upper layer, and that « is small enough
for the hydrostatic assumption to hold, the momentum and continuity equations are

Uy + utty, + vu, —fo = —g'h,, (2.1)
v+ uv,+ v, +f(u—U) = —g'h, (2.2)
by + (uh), + (vh), = 0, (2.3)

where (u,v) are the (z,y)-components of velocity, ¢ represents time, f is the Coriolis
parameter and g’ = g(p, — p,)/p2 is the reduced gravity. The velocity U, given by

U=gaf, (2.4)

is the constant z-component of flow induced by the sloping bottom and will often play
the role of a mean advecting current. Equations (2.1)—(2.3) imply that the potential
vorticity

P =Lt'%—_1‘ll. (2.5)

is conserved by fluid columns. Hence, if the potential vorticity at any time is uniform
throughout the flow, we may write

f + Vp—Uy _ f
— T H (2.6)
where H, would be the uniform depth of the fluid when the relative vorticity is zero.
Let H be a typical depth of the undisturbed current (which, in examples, will often
be the maximum depth and will occur at ¥y = 0). The flow is then characterized by the
radius of deformation (g’H)f-1 and the time scale f-1. Because we will be interested
in downstream (z) variations with some — usually large — length scale A, say, we define

a dimensionless wavenumber
e=2m(gHR/fA.
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Convenient non-dimensional variables are then defined by
z =z*e (g HRSfY, y=y*gHRf?, (u,U)=(u*, U (gH)},
v=v*(@'H}, t=t*1f-1, h=h*H, } @)
and, in the case of uniform potential vorticity, H, = H5¥. Here the starred quantities
are nondimensional. Dropping asterisks, (2.1) and (2.2) become
ug+0(uy— 1) = — (b + §u?),, (2.8)
v+ u(ev,+1)— U = — (h+ §e2?),, (2.9)

while the continuity equation (2.3) retains its original form. In the special case of
flow with uniform potential vorticity, (2.6) becomes

u, — €2, =1_,;££0’ (2.10)
The undisturbed flow

The undisturbed flow is taken as the steady solution of (2.8), (2.9), (2.3) with v = 0.
Then (2.9) reduces to the geostrophic relation

u=U-h
where the bars denote the basic flow whose stability is to be investigated. If the flow
has a uniform potential vorticity, (2.10) gives as an additional constraint the relative
vorticity

(2.11)

v

7, =1-2

) 7 (2.12)

As well as the case of general %, we shall consider two special cases in this paper,
both involving constant potential vorticity P. (The Rayleigh criterion for instability
would need P, to change sign, so these cases would be stable by this criterion.) One
configuration is that of an infinitely long current (of dimensional width W) extending
from y = —L to y = L, where L = fW(¢’H)}. The boundary conditions on (2.11),
(2.12) are then & = 0 at y = + L, and the solution takes the form

- cosh (y/aﬂ)] _ sinh (y /)
h=of|1——2 2 =U+#t—2— | 2.13

[ cosh (Lja#h))” ¥ T U Gosn (L) (2.13)
Thus the flow involves two length scales, L and 5. In the limit of zero potential
vorticity — the second special configuration — 5 — 00, (2.12) yields %, = 1, and (2.13)

reduces to _
R=1-32 @=U+y. (2.14)

In this case the current widthis fixed at L = ,/2and the flow is described, in dimensional
terms, by the single length scale H,

The perturbation equations
We impose a small perturbation of the form (u’,v',4') = (2,9, k) e%=—t on the undis-
turbed flow (%, 0, 2). Then the momentum and continuity equations (2.8), (2.9), (2.3)
give the following linearized equations for the perturbation amplitudes:
@—c)+(1—4,)id = —4, (2.15)

12 FLM 117
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2+ ied(@—c)d = -g—';;, (2.186)
Ea—i%(oﬁ)ﬂu—c)ﬁ =0, (2.17)

From (2.16) it can be seen that the downstream velocity perturbation is ageostrophic
at order €2. For currents with a uniform potential vorticity (2.10) gives the additional
condition that
%—ie% = —%. (2.18)
In §3 we present a solution of (2.15), (2.17) and (2.18) for a very simple but illu-
minating problem — that with zero potential vorticity. In §4 the system (2.15)—(2.17)
is discussed for completely general vorticity profiles. This discussion reveals the
influence, upon disturbances, of the cross-stream distribution of vorticity and of
asymmetric profiles. An exact numerical solution of (2.15), (2.17) and (2.18) for uni-
form potential vorticity distributions is then presented in §5, and compared with
laboratory observations in § 6.

3. Flow with zero potential vorticity
Solution of the eigenvalue problem

When the potential vorticity vanishes, 3’ - oo and #%,—1 = 0. The longitudinal
momentum, continuity and potential-vorticity relations (2.15), (2.17) and (2.18)
become

@—c)+h =0, (3.1)
ﬁa—i%(aﬁn @—c)h =0, (3.2)
%—ie% =0, (3.3)

where %, % are given by (2.14).
Elimination of & and % from the continuity equation (3.2) yields an eigenvalue
problem for the complex phase velocity c:

d (-d -
7 (h @) —e[h—(W—c)?]f = 0. (3.4)

Because k(+ L) = 0, this equation has singularities at the edges of the current, and
we wish to find the solution for which the eigenfunction 4 is regular at y = + L.} From
(3.3) we see that dfi(L)/dy must be finite in order that # be finite on the free streamlines.
Therefore, when (3.4) is integrated across the current, we require

f" [h—(@—c)t]ady = 0, (3.5)
—-L
where L = /2.

+ This condition may also be derived more formally by the requirement that the location of
vanishing depth remain a streamline.
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In order to solve (3.4), (3.5), with a finite wavenumber ¢, ¢c and # may be expanded
in the power series

¢ = cy+ec;+e%,+..., } (3.6)

(y) = uo(y) +euy(y) +uy(y) + ...,
where the amplitude is normalized by requiring
2(0) = 1. (3.7)

Substitution of the expansions (3.6) into (3.4), and requiring that du,/dy be finite
aty = + L, where h = 0, shows that

du,

%% _ o, 3.8

% =0 (3.8)
Hence the leading-order downstream velocity perturbation is independent of y.
From (3.7) we set u, = 1 and require that u,(0) = u4(0) = ... = 0. The eigenvalue c,

is given by (3.5), in which the leading-order terms imply
L _
wo [ (h-@=coldy = 0.
-L

This is a quadratic equation for ¢, which, with % and % given by (2.14) and L = /2,
can only be satisfied by
co="U. (3.9)

Thus normal modes are stable in the limit ¢ — 0, and are advected downstream at
speed U.

The terms of order ¢ obtained from (3.4) imply that du,/dy = 0, and, in order to
satisfy (3.7), this requires «, = 0. Equating the terms of order €2 obtained from (3.4)
yields an equation for the eigenfungtion u,:

d (7du\ 7 .,
iy (Fay) =P
where
d=u-U (3.10)

is the current velocity relative to its mean velocity U. By again applying the condi-
tions that du,/dy be finite ath = 0and u,(0) = 0, we find the ageostrophic perturbation
u, = 442, The condition (3.5) gives
L —
2Lc§—f uy(h—*)dy = 0,
L

which yields the pure imaginary eigenvalues
¢, = +2i/,/15. (3.11)

The positive root describes exponentially growing modes that are advected down-
stream at speed U. Disturbances with large but finite wavelengths are therefore un-
stable, even though the Rayleigh condition is not satisfied.

When the calculation is continued to higher orders in ¢ a pattern emerges, with
even-numbered eigenvalues being zero (apart from c,) and the rest imaginary. How-
ever, the power-series expansion reveals that the growth ¢|c| reaches a maximum at
a wavenumber only slightly less than unity, where the series converges slowly. In

12-2
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Figure 2. Growth rate of normal modes with wavenumber € on a current with zero potential
vorticity : , exact numerical results; — — —, first-order growth rate €*c, given by the wave-
number expansion; - - - - - , Padé approximation based on terms up to O(¢!?) in the expansion.

order to investigate disturbances with ¢ ~ 1, it was necessary to solve (3.1)-(3.3)
numerically, using the Taylor system (Norman 1972). The solution was obtained by
integrating from y = L —v, where y = 10~4, with initial conditions obtained from an
expansion of (3.1)—(3.3) near & = 0. The solution at y = 0 was found. The equation was
then solved again, beginning at y = — L +7 and integrating to y = 0. The solutions
for 2 were matched aty = 0 by scaling the solution from y = L — y; ¢ was then adjusted
iteratively to match 2, (to an accuracy of 10-%). Only imaginary eigenvalues ¢ were
found and, at¢ <€ 1, these areidentical with those calculated using the expansion (3.6).

On figure 2 the computed dimensionless growth rate ¢|c| is plotted as a function of
the wavenumber (solid line). This numerical result is almost identical to the curve
(dashed line) that is obtained from the power-series expansion (3.6), which is here
extrapolated to € > 1 by taking the Padé approximation based on the first six non-
zero terms. The growth rate achieves its maximum value at ¢ = 0-80, which corres-
ponds to a wavelength that is 7-9 times the Rossby radius. Wavenumbers greater than
€ = 1-1 yield only real eigenvalues and so are stable.

The etgenfunctions

Substitution of the individual functions u,, %,, %, ... into the longitudinal momentum
equation (3.1) and the vorticity equation (3.3) yields the depth and cross-stream
velocity perturbations respectively, for successive orders in €. Since the amplitude
of each perturbation quantity (u’, v’, #’) has the downstream dependence e¢**(neglecting
the uniform advection velocity U), we write (ug,u;,%s,...) = (%, %y, U, ...) €, and
similarly for v’ and 4’. Then the real parts of the eigenfunctions of lower order in ¢ are

Uy = €08, vy =ysinx, hy=—ycosz, (3.12)

,_—4 08 hy = —2sinx
RO I T At RV T e
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Ficure 3. The structure of the zeroth-order eigenfunctions: (@) the first-order eigenfunctions;
(b) (from (3.16)) and the combination of these two modes; (c) for € of order one and a flow with
zero potential vorticity. The undisturbed flow  is linear with y.

The nature of the zeroth-order eigenfunctions is sketched in figure 3(a). Because
both the cross-stream velocity v’ and the undisturbed longitudinal flow % are anti-
symmetric in y, the zeroth-order perturbation corresponds to a meandering of the
stream. The corresponding depth perturbation is linear with y, so that the total depth
profile % 4 hy remains symmetric and parabolic about the local midpoint of the current.

The first-order cross-stream velocity v; is independent of position across the stream,
but, because i = y, it corresponds to variations in the current width, as sketched in
figure 3(b). This perturbation has an amplitude whose phase is }n radians ahead of v,.
The depth perturbation %, is also independent of y, and therefore tends to maintain
the symmetry about the midpoint y¥ = 0. As a result of the form of A;, the depth
increases uniformly at the widest section of the current and decreases at the narrowest
section.

Higher-order eigenfunctions (such as v; and vg) have structures similar to those
already described, but tend to concentrate the amplitude of perturbations nearer the
two free streamlines. When the perturbations sketched in figures 3 (a, b) are super-
imposed, noting the comparable amplitudes in(3.12) and assuming € ~ 1, the structure
of the flow becomes that sketched in figure 3(c). There is still a uniform reduction of
the current depth at = 37 and a uniform increase at z = §7. When such a disturbance
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Ficure 4. Equispaced contours of the total depth A+ A’ from the numerical sclution for zero
potential vorticity, for ¢ = 0-8 and a depth perturbation of maximum amplitude 0-28 (chosen
for clarity). Regions of negative h+ %’ are hatched.

reaches sufficiently large amplitudes it is likely that regions of closed circulation will
develop within the deeper, broader parts of the stream, and such regions will be centred
about the midpoint of the flow. Figure 4 shows a plot of the contours of constant 4
(the total depth of the current) for the numerical solution at ¢ = 0-8. The meandering
and variations of width are visible, along with a phase difference of 47 radians between
the two edges of the flow. The widest sections of the current are also deepest, even
deeper than the mid-point of the undisturbed flow.

Energetics

The source of energy for the growing disturbances may be determined from the
structure of the depth and velocity perturbations. In order to calculate the energy
changes we consider small perturbations (u’, 2, 2’) to (2.8), (2.9), (2.3), where we revert
here to a general mean flow. Taking Au’ times (2.8), kv’ times (2.9), &’ times (2.3), and
adding yields the local energy equation

%It_ﬂ + hu, (u'v") + {R(BV' D}, = 0, (3.13)
where the angle brackets denote an average in the z-direction and

E = }h(uw'2+e'?) + B'%) (3.14)

is a convenient measure of the energy of the perturbations (kinetic plus potential).
As is well-known, interpretation of the local terms in (3.13) as kinetic and potential
energy transfers is dangerous. To avoid this, we integrate (3.13) to give

d (L L _
—f Edy = —f hu,(u'v") dy, (3.15)
dat) _L -L
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which shows that growing perturbations draw energy from the kinetic energy of the
mean flow. However, at the end of §4 we shall show that potential energy is also
released.

For the case of zero potential vorticity the Reynolds stress term (u'v") is evaluated
from (3.12) as

'y = jﬁseww’), (3.16)

so that, as k%, is positive in (3.15), the perturbations induce a positive Reynolds stress
which transports momentum across the stream. The superposition of meandering and
varicose modes with a phase difference of 37 therefore removes kinetic energy from
the mean flow. In general, though, it is not yet obvious that the right-hand side of
(3.15) need be positive (and the flow unstable) for an arbitrary mean velocity profile.
This is the subject of § 4, where it is shown that indeed there must always be unstable
perturbations to any mean flow with two free streamlines.

4. The case of arbitrary mean profile
Formulation of the problem

We again consider a current such as that discussed in § 2. This time, however, no
restrictions are placed on the depth profile save that 2 = 0 at y = + L. The perturba-
tion equations (2.15)-(2.17) are to be satisfied, while % and % are connected by the
geostrophic constraint (2.11), and we shall show that an unstable mode exists for
general depth profiles .

For convenience, an integrated depth perturbation ¢(y) can be defined as

v
o) =" hay (4.1)
= @ot+€P; + 2Py + ¥logedy+ 3, + ..., (4.1a)
where the wavenumber expansion (4.1a) also holds for ¢, 2 and 9, and
hn = ¢nv (n=0,1,2,..). (4.2)
The ¢, must satisfy some boundary conditions and, from (4.1), we have
$al—L) =0, (4.3)

where we may choose the magnitude of ¢,(— L) arbitrarily. Selecting for convenience
the value ¢, (— L) = —ii(— L), we have

Po(—L) = — (- L), }
¢nv(_L) =0 (n>0).

In addition, application of the continuity equation (2.17) at y = + L gives, since 9 is
well behaved,

(4.4)

wWd+(@—c)p, =0 (y=+L). (4.5)

In general the ¢, will have a boundary-layer structure of thickness ¢ at critical
layers (where @ = 0), and an inner expansion, followed by asymptotic matching
across these layers, is necessary. The details of the inner expansion are not shown
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explicitly here, but are recorded in appendix B, which has been lodged with the
editorial office of the Journal of Fluid Mechanics, and will be used in what follows.
An alternative proof of the existence of an unstable mode, avoiding many of the
boundary-layer problems, is given in appendix A. However, that approach assumes
the existence of well-behaved eigenfunctions, while the expansion technique outlined
in this section explicitly finds such well-behaved eigenfunctions.

The expansions of (2.15)—(2.17) may be written symbolically as

(% —co) U+ (1 —y) 0y + by + 4, = 0, (4.6)

Up+ By =~y (4.7)

Faty — (Rivy ), + (@ — o) $ny +Cp = 0, (4.8)

forn=0,1,2,..., where 4,, B, and C, involve combinations of terms from previous

values of » with eigenvalues up to c,,. Thus

= (1_"_00) ¢1wy — ¢1W i' Bn(/'—"'— c0) _An.

1-%,

i, (4.9)
Substitution of (4.9) into (4.8), integration from —L to y, and multiplication by
(1-7,)/h gives, remembering that k(— L) = 0,

(1—" - co) ¢1wy - ay ¢1w + co—(l'z_ﬂ) ¢n == g'l_i-l‘i)ji[‘ (EB'» - Cn) dy
—B,(i—c)+4,. (410)

Equations (4.9) and (4.10), with boundary conditions given by (4.4) and the expan-
sion of (4.5), form an eigenvalue problem for each c,. One particular solution, which
couples the two free streamlines together, was isolated in §3 for the special case of
zero potential vorticity, and we now examine the corresponding solution for the
general case. We show that, except under very special conditions, the mode is always
unstable.

Solution up to order ¢

To leading order, 4, = B, = C, = 0, and, from (4.10), and (4.9), ¢, and v, satisfy
(u_co)¢0yy—uy¢0y+ggLU)iM¢0 = 0! (4-11)

_@= €o) Poyy —¢Oy.

17, —~
1—%
v

(4.12)
The set (4.11), (4.4) and (4.5) pose an eigenvalue problem for ¢, which may have many
solutions; no indication has been found of whether or not ¢, can be complex. However,
we choose here to examine a specific solution to (4.11) in which ¢, is real, and show
that to next order ¢ is complex. We choose the solution

co=U, Po=h, wo=% uy=1u, hy=U-u=—1, (4.13)

so that, to leading order, the disturbance is simply propagated downstream at speed
U. We see that, in general, u, and A, are real, while , is imaginary, implying that u’
and A’ have phases which are 37 ahead of v'".
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The O(e) terms have 4, = —c,u,, B, = 0 (i.e. the along-stream flow remains geo-
strophic), and C, = —¢, @;,. Then (4.10) becomes
UPryy —UyPry+¢1 =0, (4.14)

and (4.4) gives the conditions ¢, = ¢,, = 0 at y = — L, while the condition (4.5)
gives no information to this order. Now (4.14) has two independent solutions, one
with ¢, proportional to #, and one with

_(vd
by = — j d_?; (4.15)

Consideration of (2.11) shows that # must vanish at least once in the interval (— L, L).
The places where % vanishes are the critical layers for this solution. We shall treat
the case of one such layer (at y = y.), but the extension to several layers is immediate.
We shall also assume that %,, (we denote values at the critical layer with a suffix c)
is non-zero. (In the extreme case of % vanishing quadratically, rather than linearly,
at a critical layer, it can be shown that the solution is stable. Physically, there is
stability if the vorticity %, vanishes when # vanishes.)

The solution (4.15) is well-behaved as % approaches zero only if %,,, is zero (as
would be the case for all symmetric depth distributions, for example); otherwise the
solution contains logarithmically growing terms. In either case, a matching across
the critical layer is necessary. We therefore write

s =—a[ aman[ s @<, (4.16)
= ﬂ—aﬁ—clf:Lﬁ(v)dvf:Lw‘(z—gg)]z ¥ > ye), (4.17)

where a, f are unknown constants, and the boundary conditions on (4.14) have been
used to give (4.16). To match across the critical layer, we shall need the behaviour of
¢f near y = y.. Writing 9 = y —y., we have
_ o~ddy 1
67 ~ $iot g+ e Gogn—H-beiter’| [ -5
+ e Uyve log(— a)} + 2% o) (4.18)
Upo
1
out,

c _ C U we+8 g,
B ~ St g1+ Ry + S0 g2 Qogn— ) - dertyert [ ot
ye yo

+2tloga) + e (1> 0), (4.19)

uﬂc yc
where & > 0 is a small positive number. The expression log (—4) is to be interpreted
as log d + ¢, and from the inner expansion it is found that this must be

log & — 4 sgn (u,,,).

the flow becomes ageostrophic at this order. Then from (4.10) ¢, satisfies

o _ 1—-%, (v +. . c,(1—7%
Aoy — Uy Poy + 3 "f_Lhuz dy+ a2 —c Pyyy +Ca+ I(_ZL) $1=0, (4.20)

together with ¢y = ¢y, = 0,y = — L.
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The condition (4.5) at ¥y = + L yields the same result as requiring ¢, to be well-
behaved in (4.20) when % vanishes, namely

L _
¢ ¢y (L) = —f_Lhﬁzdy. (4.21)

The results of the asymptotic matching are straightforward, with ¢,, ¢,, being con-
tinuous at ¥ = y., the #2log 9 behaviour being handled by the inner expansion, and
the well-behaved part of ¢,,, being continuous at y = y.. We now match the O(»?)
termsin the expansions (4.18), (4.19) for ¢, to find the coefficient « introducedin (4.17):

foré—>0
~fmeel( [+ )# )
¢, —C — 4.22
ycls v Ye+4 u? 8uvc ( )

The term in brackets is well known to be the Hadamard ‘finite part’ of the (divergent)
integral of -2, and is a well-defined negative quantity. Its value is that of a naive
integration of #-2 from — L to + L, cavalierly ignoring the singularity at y., and
simply substituting the end values + L into the integration.

Having an expression for the constant a, we can now evaluate ¢, (L) and then make
use of (4.21) to find the eigenvalue ¢,. First note that ¢, is continuous at y., so that

a7

yc—(’ v d L o L o L d’”
= — - d .
°1f L W f a0+ f,,c+a““d~” °‘Lc+a y"fw [a(n)lz( "
4,

Using the geostrophic relation (2.11), integrating (4.23) by parts, and substituting
for & from (4.22) gives, for small 4,

ve—4$ Qhe) MUy, BoC
L)=—c {(I j ) d }+ we oy 424
2 ! vots) B y- 0uj, luycl3 ( )
L p MUy o b
=—¢ pr_ﬂﬁdy+ l;‘_‘:ﬁs N (4.25)

where we use the notation Fp to denote the finite part of the integral. Then (4.21)
gives, finally,

L _
f hii2 dy
-L

_— - .
Fp f " Rty —in oyl

= (4.26)

(For several critical layers, the last term in the denominator becomes a sum over all
critical layers.){

If @,,,, the gradient of relative vorticity at the critical layer, does not vanish, then
(4.26) gives c? as complex, and so there exists a mode with #(c,) > 0, and there is

instability. If %,,, does vanish, it is easy to see that the finite part of the integral is

+ The formula (4.26) has been confirmed by numerical integration of (2.15)—-(2.17) for specific
asymmetric profiles.
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negative.t Hence ¢, is only imaginary and the positive root of (4.26) gives an un-
stable mode. We have therefore proved the existence of an unstable wave mode for
all distributions of depth, except in the unusual case when 7%, vanishes at a critical
layer. The above analysis even holds in the zero-potential-vorticity case (§3) despite
the fact that 1 —%, in (4.12) then vanishes identically. The expression (4.26) reduces
to ¢ = —% in that case, in agreement with the analysis in §3.

Energy transfers

The energetics of currents with arbitrary velocity profiles are easily evaluated. We
have (outside the critical layer, which has a negligible extra contribution) the Reymolds
stress

(u'v') = §R(ugvf) + heR (o0} +u,v3) + O(e?), (4.27)

where the asterisk denotes complex conjugate. Using (4.13), the zeroth-order terms
cancel. The first-order perturbation eigenfunction can be found from (4.18) and gives,
after simplification,

R(uovY) = U, Rlic, +idy,), (4.284a)

R(u, v§) = R(— 1%, by, +icy), (4.28b)
whence

{u'v") = —fecyy (1+4,) + O(e?), (4.29)

where c,; is the imaginary part of ¢,. Then (3.15) yields

L L _
8" Bay =tecy [ Fuy(1—7,)dy+0() (4.30)
dt) _, L v

and, after use of (2.11),
drr L _
| Edy=}ec, (hu3 +h3)dy > 0.
dtj_r -L

Hence the perturbation energy isindeed growing with time (as it must for exponentially
growing modes).
Finally, we note that the perturbation mass (i.e. heat) transfer across-stream is
given by
V') = Yecy, . (4.31)

In the problem of §3 (and also in § 5), the sign of (4.31) is such that the mass flux is
directed outwards from y = 0. The further significance of {(v'A") appears when we form
an expression from the continuity equation (2.3) for the rate of change of mean poten-
tial energy 3<h)2, where again b = h+A':

a%;(h)ﬂ +Rv'R), = 0. (4.32)

+ This is best seen by considering the sign of ¢,, in (4.16), (4.17). If & vanishes only once, for
simplicity, 4% is negative for y < y, and positive for y > y.. Hence (4.15) and (4.22) show that
$1yc, ‘i positive for y < y,and for y > y,, so that ¢,(L) is a positive multiple of ¢, in this case.
Then (4.21) implies that ¢, is purely imaginary.
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Then

d L L
] wway=-[" awyay
-L -L
L
= —{»ecnj #dy < 0. (4.33)
-L

In other words, release of mean potential energy is also necessary during the growth
of the unstable mode discussed here. However, after a little algebra it may also be
shown that the folal potential energy, given by the integral of (3<h)2+ 3(A'?)), is
invariant. Conservation of total energy (kinetic plus potential) thus implies that total
kinetic energy is also invariant.

5. An example: currents with uniform potential vorticity

The results in §4 can be applied to any particular distribution of vorticity. They
show that (almost) all currents of the form sketched in figure 1 are unstable to a wave
mode whose growth relies upon a coupling of the two free streamlines, and the general
analysis gives useful physical understanding,of the flow. However, the expansion
about small wavenumber is not suitable for describing the most rapidly growing mode,
which is that likely to be observed in laboratory experiments. We therefore present
exact numerical solutions of the eigenvalue problem (2.15)—(2.17) for one partioular
cage: that of ourrents with a finite and uniform potential vorticity £, for which
the undisturbed flow is given by (2.13). The current is now also assumed to be flowing
over a horizontal plane, so that the advection velocity U is zero.

For both the numerical solutions and comparison of these with experimental results
it is much more convenient, when there is a uniform potential vorticity, to modify
the original non-dimensionalization (2.7). By using the ‘potential vorticity depth’ H,,
rather than the maximum current depth H, as a depth scale, one of the two length
scales L and 5 can be eliminated from (2.13). Thus we define a new dimensionless
wavenumber k and a current width L, by
(g'Hot L __fW

k € 2 fA , 0 f} (g,Ho)}, ( )

and similarly rescale current depth and velocities using H, instead of H in (2.7). The
potential vorticity 3£ can be expressed in terms of the current width L by using the
definition A(0) = 1 in (2.13), whence

S Y.

5.2
cosh Ly’ (5.2)

If Ly— 0, we approach the limit of zero potential vorticity £~ = 0, while a very
wide current, L, - o0, implies that 3#—! - 1. In these new variables the undisturbed
flow becomes
1 coshy P sinh y
cosh L’ cosh Ly’

(5.3)

The momentum and continuity equations (2.8), (2.9) and (2.3), as well as the pertur-
bation equations (2.15)-(2.17), are all unchanged except that ¢ is replaced by k.
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FicUrE 5. The computed wavenumber k,(a) and growth rate kj|c|(b) for the most rapidly
growing mode on a current with uniform potential vorticity, as functions of the current width
Ly=f W/(g’Ho)*. In (a) the wavenumber ¢, which is non-dimensionalized by the Rossby
radius based on the maximum depth H, is also plotted (broken line).

Numerical solutions

The perturbation equations (2.15)—-(2.17), with & replacing € and with the undisturbed
flow defined by (5.3), have been solved using a numerical approach similar to that
described in § 3. The solution was first computed for a range of values of the wave-
number k and a number of values of the width L,. As for the case of flow with zero
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potential vorticity, the eigenvalues are all found to be pure imaginary. Hence the
normal modes are unstable and are again advected downstream at speed U.

For each value of L,, the dimensionless growth rate k|c| increases with increasing
wavenumber at k <€ 1, but reaches a maximum and decreases rapidly at sufficiently
large wavenumbers. The wavenumber km at which the maximum growth rate is
achieved was found by solving the equations at successively intermediate values of
& near the maximum of the growth-rate curves. Resulting values of kn are shown on
figure 5(a). The most rapidly growing waves are relatively long (km < 1) when the
current is ‘wide’ (L, > 1), and they are short (with km > 1) when the current is
‘narrow’. More quantitatively, ky satisfies the relation km ~ 1-1L5! approximately
for L, < 2, but decreases much more rapidly with increasing L, when L, > 2. On
figure 5(a) we have also plotted ey (broken line), which is the dimensionless wave-
number (with maximum growth rate) based upon the length scale (g’ H)tf-1, The two
wavenumbers are related through L, by combining the definition k = es#% with (5.2).
(The two are significantly different at small values of L,, where the current depth H
differs moreradically from the ‘ potential-vorticity depth’ H,.) As Ly~ 0, em approaches
an upper limit of em ~ 0-8. Thislimit corresponds to flow with zero potential vorticity,}
and the wavenumber is the same as that found in §3. At L, > 1, on the other hand,
H - H,, so that em and &y, become identical. The most rapidly growing mode then has
a wavelength that is very much larger than the Rossby radius (g’ H)} f-1.

On figure 5 (b) is plotted the growth rate km|c| of the most rapidly growing mode as
a function of the current width L. For small values of L, this growth rate approaches
the maximum growth rate previously computed for normal modes on a current with
zero potential vorticity (see figure 2). However, the growth rate decreases exponen-
tially when the current width is increased beyond L, = 1. At L, = 2 the growth rate
km|c| is an order of magnitude smaller than it is at L, = 0-5, giving an e-folding time
(km|c|f)~! of eight rotation periods.

The rapid decrease of growth rate with increasing current width is predicted by the
wavenumber expansion of § 4. For a current of the form (5.3), the general results (4.26)
for the first-order eigenvalue reduces readily to

2L,
2 _ 211 27, — -0
c? 4(cosh L,) [1 gtanh? L, “nhe Lo]. (5.4)
Here, c, is imaginary for all values of L,, but its magnitude decreases exponentially
at large Ly: ¢, ~ +14($)¥exp(—Ly) (L, > 1). It can also be shown that there are no
other long-wave solutions for the case of constant potential vorticity.

The structure of growing disturbances

Examples of computed depth and velocity perturbations for a current with uniform
potential vorticity are shown in figure 6. In this case the width was L, = 1 (giving
a potential vorticity #—! = 0-35) and the amplitude % of the depth perturbation was
set at 10~1. Figures 6(a, b) show contours of the total depth ~+ A’ and depth pertur-
bation &', respectively, while figure 6 (c) shows contours of the cross-stream velocity

t Note that use of the wavenumber-expansion technique discussed in §§3 and 4 will not
allow us to approach the limit of zero potential vorticity (J# - o) at any finite value of ¢,
gince we would require k = e#° I (but of course this is no deterrent to a numerical solution).
Thus we cannot simply let L, —» 0 (analytically) to recover the zero-potential-vorticity case.
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FI1GURE 6 (a,b). Legend on p. 362.

perturbation v’ for the same most-rapidly growing disturbance. As predicted by the
wavenumber-expansion technique (§§3 and 4), the perturbation involves both a
meandering and a longitudinal variation of current width. There is a phase difference
of }n radians between k' on the two free streamlines, and the greatest cross-stream
excursions of the centre line occur at z-positions very close to where |0L,/éz| is
greatest.

From figure 6 it can be seen that the depth perturbation and, similarly, the pertur-
bation energy (as indicated by v’) are confined more closely to the edges of the current
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F1aURE 6. Contours of (a) the total depth fi+4’, (b) the depth perturbation &’, and (c) the cross-
stream velocity perturbation v for the most rapidly growing mode on a current with uniform
potential vorticity and L, = 1. The solution in (a) is for a depth perturbation of amplitude 0-1.
Regions of negative values are hatched.
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FIGURE 7. A sketch of the laboratory apparatus in vertical section. The eross-hatching indicates
the upper layer of fresh, dyed water inside the annulus and the deep lower layer is a NaCl
solution.

(even for L, = 1) than was the case for perturbations on currents with zero potential
vorticity. From the power-series solution presented in §4 the leading-order eigen-
functions (4.13) reduce, for constant potential vorticity, to the simple forms
sinhy
cosh Ly’

coshy

%0 = Cosh Ly’ (5.5)

hy = —1tvy =
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The hyperbolic functions at this and higher orders tend to concentrate the perturba-
tion energy into regions closer to the two free streamlines. This is where the basic flow
has the greatest depth variation and a concentration of relative vorticity:

—du/dy = —cosh y/cosh L,

The concentration of perturbations near the fronts is much stronger for wider currents,
flows for which the vorticity %, at the centre line is much smaller and for which we
know that the disturbances grow much more slowly.

Hence our restriction that the flow has a uniform potential vorticity results in a
coupling between the two free streamlines that becomes very much weaker as L,
becomes larger. On the other hand, it must be remembered that currents with more-
general vorticity distributions are able to be much wider than the Rossby radius based
on the fluid depth H while still having a more uniform distribution of relative vorticity,
thus making larger growth rates possible for wide currents.

6. Laboratory experiments
Apparatus

Currents with an approximately uniform potential vorticity and which were bounded
on each side by a well-defined density front were produced in a rotating container.
In order that the flow be initially uniform along the current, an axisymmetric con-
figuration was used. The free surface of a relatively deep lower layer of dense fluid
then served as a horizontal (geopotential) surface on which the current flowed. This
also greatly reduced the influence of friction below that which would be induced by
a solid boundary. The depth of the lower layer of sodium chloride solution was, in
most experiments, either 28 cm or 40 cm. A large annulus with a relatively narrow
gap between its walls was partially immersed in the lower layer, as sketched in figure
7. The annulus was suspended from above and held concentric with the vertical axis
of rotation of the container and stationary in the rotating frame of reference. Three
different annuli were used. One had an inner radius of 19-8 cm and an outer radius
of 23-8 cm, leaving a gap of half-width W, = 2-0 cm. The others had mean radii of
20-0 cm and 21-5 cm, with half-widths W, = 3-9 cm and W, = 3-5 cm, respectively.
The outer wall of the rotating container was at a radius of 45 cm.

After the salt solution had come to the desired rotationrate Q = }f, dyed fresh water
was carefully floated onto the free surface inside the annulus to form the shallow upper
layer of depth H, shown in figure 7. The system was then left for at least 30 min to
reach solid-body rotation everywhere. The depth H, could be determined both by
observing a vertical scale horizontally through the Perspex walls and by measuring
the volume of upper layer fluid placed in the annulus. At a time ¢ = 0 the annulus
was carefully drawn vertically upwards and removed. The subsequent flow was made
visible by the dye in the upper layer and small pellets of paper floating on the free
surface. Photographs were taken with a camera mounted in the rotating reference
frame and time exposures of about one-half of a rotation period were used to obtain
streaks. Such streaks, as well as direct observations, revealed no motion before the
annulus was withdrawn. Values of the Coriolis parameter f ranged from 0-38 s~! to
2-5 s~1, while the reduced gravity g’ lay in the range 0-2 < ¢’ < 12 ¢m s~2. The initial
depth H, of the upper layer was always between 4 and 6 cm. This gave a ratio of layer
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FicUure 8. Streak photographs showing four stages in the evolution of a laboratory current
with W, = 20 em, f = 1:77 57! and %, = 1-18 (4 8 exposures). Times after withdrawal of the
annulus are (in number of revolutions): (i) ¢t = 2; (ii) 4; (iii} 6; (iv) 8. The ratio of layer depths
is 0-17. Coneentric circles on the bottom of the tank have a 5 cm spacing.

depths in the range 0-1-0-16 or in the range 0-16-0-2 when the lower layer was 40 cm
deep or 28 cm deep, respectively. However, some experiments were also carried out
with shallow lower layers in order to observe the influence upon the flow of the lower
boundary. In these cases the initial ratio of layer depths was between 0-8 and 0-9.

Experimental observations

When the annulus was removed, the buoyant upper-layer fluid first spread radially
toward and away from the axis of rotation by a distance that was measured to be
close to the Rossby radius (g’ H,)* f-1. This collapse brought the flow into an approxi-
mately geostrophic balance (described by (2.11)) within a time scale of order f~*. An
anticyclonic (clockwise) flow is produced in the outer half of the upper layer and a
cyclonic flow in the inner half, while any motion in the deep lower layer can be neg-
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lected. The axisymmetric geometry requires that both potential vorticity and angular
momentum be conserved by the fluid in each layer during the collapse and that there
is a balance between the buoyancy, Coriolis and centrifugal forces in the final state.
The ratio of centrifugal and Coriolis accelerations is given by %/fr ~ (g’Hy)}/fR,
where R is the radius of the annulus. For most experiments this parameter was less
than 10-1, but it reached 0-2 for experiments with large Rossby radii. Therefore the
geostrophic basic flow assumed in the analysis in previous sections is only approxi-
mately realized.

Even before the geostrophic collapse was complete, rapidly growing billows
(believed to be Kelvin—-Helmholtz billows) with length scales of the order of 2 cm
appeared on each edge of many of the currents. However, these disturbances also
dissipated rapidly (often before the first photograph could be taken), presumably
mixing some of the fluid near the fronts, and the current again became axisymmetric
for a time. Later, but always within two or three revolution periods, disturbances
with much larger downstream length scales appeared on the otherwise uniform flow.
Subsequently, the current always broke up into a chain of eddies within five to ten
revolutions.

If we assume that the deep bottom layer is stationary and that there is no mixing
between the layers during the collapsing phase, then thelaboratory current is described
by the two dimensionless parameters fW,/(g’Hy)t and W,/H,. In order to relate the
parameters before and after the initial collapse, we write W, = 4/2H,, where A is the
cross-sectional area of the current, and define

W fA
£ - = — (6.1)
*T@H)? 2B (g Hot
By integrating the hyperbolic depth profile (5.5), the area 4 can be found in terms of
Ly = fW/(g’H,)t (where W is the half-width after collapse). Then (6.1) gives

%, = Ly—tanh L, (6.2)

Then the final width L, - 0 when %, — 0, while L, ~ #,+ 1 when £, > 1.

In figure 8 are shown four stages during the evolution of a current that was formed
when the initial Rossby radius was equal to the half-width W, of the annulus (£, = 1-18).
In (i) the flow is largely axisymmetric and the relative vorticity is distributed through-
out the width of the current. In (ii) the streaks reveal that regions of closed anti-
cyclonic circulation have appeared near the centre line of the current. The fronts
(edges of the dyed fluid) also reveal a wavelike structure. There appears to be some
meandering away from the initial centre line as well as variations in current width.
Both become more obvious in (iii), where the flow appears to be qualitatively very
similar to that sketched in figure 4(c), except that at this large amplitude there are
closed circulations within the deeper sections of the current. In this case there are
nine or ten waves around the annulus. In (iv), individual eddies have broken off from
their neighbours and the flow become a broad region of anticyclonic eddies. These
subsequently decay very slowly due to friction.

In figure 9 is shown a similar sequence in the evolution of a current for which the
initial Rossby radius was 1-56W, (%, = 0-74). Frame (i) again shows an almost axi-
symmetric flow. However, small ‘cat’s-eye’-shaped disturbances are already visible
near the centre line (y = 0). Only one revolution later (ii) these disturbances influence
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(iii) - (iv)

Figure 9. Streak photographs showing the evolution of a laboratory current with W, = 2-0 cm,
Jf = 11181 and %, = 0:74 (48 exposures). Times after withdrawal of the annulus are (in
number of revolutions): (i) ¢ = 3; (ii) 4; (iii) 6; (iv) 8. The ratio of layer depths is 0-17.

the whole flow. In this case there are seven waves around the annulus and both the
varicose and meandering nature of the flow is visible. In (iii) and (iv) the anticyclonic
eddies again develop and break up the current.

For contrast, figure 10 shows the evolution of a current that is much wider than
the Rossby radius (%, = 4:-0). As for the experiments shown in figures 8 and 9, the
initial ratio of layer depths is 0-17. In this case disturbances could be seen first at the
edges of the current (i) and rapidly grew in amplitude to take the form of waves that
‘break’ on their upstream side (ii). The two fronts then appear to behave indepen-
dently. Vortices of opposite sign develop in the lower layer behind each ‘breaking’
crest (iii) and can lead to the formation of vortex pairs at each edge of the flow. The
resulting turbulent current is shown in (iv). When the ratio of layer depths was less
than 0-2 this apparently two-layer flow occurred for all currents with #; > 2.

For large depth ratios, the transition between the two kinds of behaviour occurs



Ageostrophic instability of ocean currents 367

(iii) (iv)

F1Ggure 10. Streak photographs showing the evolution of a laboratory current with W, = 3-9 em,
f = 2878 land .#, = 40 (48 exposures). Times in number of revolutions after withdrawal of
the annulus are (i) ¢ = 3; (ii) 4; (iii) 8; (iv) 12. The ratio of layer depths is 0-17.

near Z, = 1. Figure 11 shows two stages in the evolution of a current with #, = 1-07
and a ratio of layer depths 0-84. The disturbances still appear to be dominated by a
coupling between the two density fronts. The waves do not ‘break’ and no cyclonic
eddies develop in the lower layer. On the other hand, when %, = 3-7 and the depth
ratio is 0-9, each edge behaves independently. This case is shown in figure 12, where
the initial axisymmetric current develops small-scale breaking waves on each edge.
In each experiment the number n of waves that appeared around the annular
current were counted.f This wavenumber increased linearly with .Z for each annulus.
The wavelength was then calculated from A = 27R/n, where R is usually the mean
radius of the annulus used. For ‘wider’ currents (Z, > 2), though, there was a smaller
number of waves on the inner edge of the current than on the outer edge. However,

t Measurements of wavelength were always taken after the disappearance of any small-scale
Kelvin-Helmholtz billows if the two length scales were distinctly separated.
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(ii)

Froure 11. The evolution of a laboratory current with a shallow lower layer. W, = 2:0 cm,
f = 1-4481, &, = 1-07 and the ratio of layer depths is 0-84. Times in number of revolutions

after withdrawal of the annulus are (i) ¢ = 2; (ii) 4.
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4

(iii) (iv)
Ficure 12. The evolution of a laboratory current with a shallow lower layer. W, = 3-9 cm,

= 17781, %, = 3-7 and the ratio of layer depths is 0-9. Times in number of revolutions after
withdrawal of the annulus are (i) ¢ = 1; (ii) 3; (iii) 5; (iv) 8.

using the appropriate radius of each edge after the initial collapse yielded two very
similar wavelengths. A more serious problem at large %, was that the wavelengths
increased with time, and this may be due to a similarity of the scales of Kelvin—
Helmholtz and rotationally dominated disturbances.

The dimensionless wavelength fA/(g'H,)? is plotted on figure 13, where the symbols
indicate the annulus width and ratio of layer depths. Where the wavelength increased
with time the two detectable extremes are plotted and connected by a vertical line.
The computed wavelength 27/kn, (from figure 5b) is also plotted and the upper scale
of the figure shows the current width L, after collapse as given by (6.2). For &, < 1
(Lo < 2) the observed wavelength increases slowly with %, in roughly the same way
as does the computed wavelength, but is almost a factor of two smaller. At &, > 2
the observed instability has a roughly constant length scale, while the computed
wavelength for the one-layer instability then increases rapidly with current width.
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F1cure 13. The observed dimensionless wavelength (based on the Rossby radius before geo-
strophic adjustment) as a function of the initial width of the current, #, = f W,/ (g’Ho)*. Data
indicate the annulus used and the ratio of layer depths: @, W, = 2:0 cm and depth ratio
$02; O, W, = 35 or 3-9 cm and depth ratio < 0-2; x, depth ratio 0:8-0-9. The upper scale
is the width L, after geostrophic adjustment (calculated from %, and (6.2)) and the computed
wavelength 27 /k_, is plotted on this scale.

The growth rates of the observed disturbances are difficult to quantify because
their appearance and growth at very small amplitude is poorly defined. However,
their appearance within one to two revolutions after the annulus was withdrawn
implies a growth rate |kc| ~ O(4 x 10~2). This lower limit is consistent with the
computed growth rate on figure 5(b) for #, < 1. A more clearly defined time scale,
and one that is of importance in oceanographic observations, is the period required
for the axisymmetric flow to break up into isolated eddies whose circulations have
pinched off from their neighbours. For those experiments with layer-depth ratios less
than 0-2 this time scale was always close to 5 or 6 rotation periods, but it was as small
as three revolutions (at.%, ~ 1) when the depth ratio was large.

Discussion of the experimental results

The data on figure 13 are presented again on figure 14, along with the computed wave-
length 27 /e for the most rapidly growing mode described in § 5. However, this time
the wavelengths are normalized by the Rossby radius based on the maximum depth
H of the current after its collapse to geostrophic balance. This depth is calculated from
(6.2) after finding the balanced width L, from (6.2), and assumes that the initially
uniform potential vorticity remained after the collapse. To well within the scatter
of the data, the measured wavelength A is a constant multiple of the Rossby radius:
fAJ(@HY =14+1-2.

For #, < 2 we have already described the qualitative appearance of the growing



Ageostrophic instability of ocean currents 371

Ll

) 1 L L1111 1 L1
0-1 0-2 0S5 1 2 3 5

FigUure 14. The data of figure 13 but with the wavelength renormalized using the calculated
Rossby radius in the state of geostrophic balance (assuming conservation of potential vorticity).
The data have a mean of fA/(g’H )t = 7-4+1-3 (broken line}, which corresponds to the wave-
number ¢ = 0-85+0-15. The computed wavelength 27 /e, for the coupled mode on a current
with uniform potential vorticity is also plotted (solid line). The dotted line shows the computed
wavelength (against the upper scale) of the coupled mode with maximum growth rate for the
profile (6.3), which has a varying potential vorticity. The dashed line is the computed wave-
length of the mode attached to a single front for the same profile (6.3).

disturbances, and, for a sufficiently deep lower layer, this appears to be identical to
that predicted for the one-layer instability. The two edges of the current couple to-
gether and give rise to both meandering and varicose structures which are }7 radians
out of phase. The growing disturbances are stationary and large anticyclonic eddies
develop from the wider and deeper sections of the wave. The computed and observed
growth rates are also consistent with each other. On the other hand, no rapid change
of growth rate with current width L, could be detected, and the measured wave-
lengths are smaller than those predicted. These discrepancies we attribute largely to
the simultaneous instability of at least one other mode, & mode which becomes domi-
nant only at larger current widths (%, > 2), and which appears to have alength scale
close to 27 deformation radii and growth rates of order 10—2-10-1, This mode is
discussed below. There are also a number of other factors that may possibly influence
the observed wavelength at %, < 1. First, the formation of a ‘narrow’ current in our
experiments requires that the upper layer have a large Rossby radius of deformation,
which means that the collapse to geostrophic balance involves an extensive, rapid
spreading of the buoyant fluid, leaving a rather shallow current. Both mixing by
Kelvin—Helmholtz billows (which could be clearly seen in ciné films) and friction may
then affect the vorticity and current depth throughout the width of the undisturbed
flow. Alteration of the potential vorticity profile can in itselflead to only small changes
in the most unstable wavelength at L, < 1, as the behaviour must then approach the
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same limit of zero potential vorticity. To illustrate this with a quantitative example
we have chosen the convenient (but otherwise arbitrary) depth profile

7 _ _Yy coshy
h=1 Licosh Ly’ (6.3)

and computed the wavelength and growth rate of the most unstable mode that
couples the two edges of the current. This wavelength is plotted on figure 14 (dotted
line), while the dimensionless growth rate is somewhat greater than that found for the
uniform potential vorticity profile (kc; = 0-21 at L, = 1).

Another result of the dissipation of vorticity during the collapsing phase is a small
reduction of the current depth H. This would imply that we have underestimated the
value of the observed dimensionless wavelength fA/(g’H)? on figure 14 (and similarly
overestimated the predicted wavelength on figure 13). Other factors that we have
neglected are non-zero perturbation velocities in the finite lower layer and interfacial
friction, both of which may have a direct influence upon the energy balance in the
growing disturbances.

The two edges of the current are again strongly coupled when %, < 1, and theratio
of layer depths is close to one. However, the structure of disturbances is different from
that at small depth ratios, with the current showing less tendency to meander, and
the growth rate is noticeably greater. In this case, the lower layer cannot be considered
stationary, since its depth changes significantly during the collapse to geostrophic
equilibrium. Conservation of potential vorticity implies that the fluid velocity in this
layer is in the opposite direction to that in the upper layer, and this must be expected
to influence the form of the coupling between the two density fronts.

At Z, > 2, with all the depth ratios used, the collapse to geostrophy has little
influence upon the fluid near the centre line. Under these conditions we observe a
clear qualitative difference in the instability. Each front is observed to behave inde-
pendently and develop waves, which have a length scale determined by the Rossby
radius. Furthermore, the growth rate of the coupled, one-layer instability at £, > 2
is predicted to be more than an order of magnitude smaller than at £, = 1,1 while
the length scale is predicted to increase exponentially with #,. Hence we conclude
that another mode of instability is present for #, > 2. However, we are uncertain of
the nature of this second mode. There are two possibilities: it may be a mode in
which the second layer and the lower boundary play an important role, or else it may
be another unstable mode (other than the one discussed in this paper) that is described
by the single-layer equations (2.15)—(2.17).

The particular solution to the perturbation equations (2.15)—(2.17) that is discussed
in §§ 3, 4 and 5 has the leading-order phase velocity ¢, = U, and represents an unstable
coupling of the two free streamlines. However, we find numerically that there can be
other unstable solutions with larger wavenumbers than those for the coupled-front
mode. Although these other modes are not yet fully understood, we do know that
each is concentrated close to one of the free streamlines and, to be unstable, requires
a non-zero gradient of potential vorticity. Since the laboratory currents do involve a

+ The expression (4.26) shows that a decrease of the growth rate should be expected for any
profile that becomes steadily flatter near the critical layer; the argument is not limited purely
to constant-potential-vorticity profiles.
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variation of potential vorticity near their edges (due to mixing and friction), the one-
layer model might therefore be able to describe the observed mode of instability for
wide currents as well as the coupled mode observed for narrow currents. For the
particular profile (6.3), which was chosen as a relatively simple variation on the profile
(5.3) and which has a varying potential vorticity, numerical solutions show that the
wavelength of the new frontal mode with maximum growth rate is a constant multiple
of the Rossby radius. This result is plotted on figure 14 (broken line), where the pre-
dicted wavelength can be seen to be much smaller than those observed. However, it
may be that the preferred length scale is determined by the width of the region of large
shear at the current edge. Thisin turn is determined, in the experiments, by the Rossby
radius (g'Hy)t/f, and by mixing. Before useful conclusions can be drawn it will be
necessary to investigate further profiles numerically, and to find a method by which
the potential-vorticity profile of a laboratory current can be determined to a sufficient
accuracy. At present we can only approximate this profile by assuming conservation
of potential vorticity during the collapse to geostrophic balance.

The observed mode of instability for wide currents may also require the presence
of a lower layer of finite depth. On the basis of previous quasi-geostrophic theories,
conditions at Ly > 1 are well-suited to the appearance of a two-layer baroclinic in-
stability. Since L? (after the initial collapse) is a Froude number of the flow, all the
laboratory currents should be baroclinically unstable, and larger values of L, will
give rise to baroclinic waves with larger growth rates. In experiments similar to those
reported in this article, Griffiths & Linden (1981) have investigated unstable waves
on an isolated two-layer vortex that is bounded by a sharp density front. They found
that each growing wave led to the formation of a cyclone-anticyclone pair when the
ratio of layer depths was greater than 10—1. This behaviour is similar to that seen in
figures 10 and 12, where disturbances grow independently on each edge of the wide
currents, the lower layer plays a visible role, and a number of vortex pairs appear.
Griffiths & Linden also detected a variation of wavelength with the ratio of layer
depths. While no such dependence has "been established conclusively for the length
scales in the experiments reported here, the depth ratio does appear to influence
significantly the value of the current width %, at which the two-layer instability
becomes dominant over the one-layer, coupled instability. This transition occurs at
%, ~ 2 for depth ratios near 0-2, but at ¥, ~ 1-2 for depth ratios near one. Griffiths &
Linden also observed that when the layer depths are comparable, velocities within
the cyclonic eddies, which extended throughout the depth of the lower layer, were
comparable to those in the upper layer anticyclones. Hence the dynamical role of the
second layer may well be important for the wide currents and at the large depth ratios
in the present experiments.

7. Conclusions

A single-layer model of a gravity current that is bounded by two free streamlines
on a uniformly sloping surface predicts that such a flow is unstable. The influence of
vanishing layer depth and large inertial effects near the fronts are included. Normal
modes are stable in the limit of infinitely large downstream length scales, but finite
wavelengths are unstable. For currents that are symmetric about their midpoint,
perturbations are simply advected with the mean velocity of the fluid. A combination
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of meandering and ‘varicose’ modes with a phase difference of }m radians releases
kinetic and potential energy from the basic current. When the flow has zero potential
vorticity, the mode with maximum growth rate is predicted to have the wavelength
7-9(g’Hy)t f-1, where H is the maximum depth of the current, and an e-folding time
of (0-14f)-1, or 0-57 rotation periods. Flows with finite (uniform) potential vorticity
are characterized by the variable length scale L, = f W/(g'H,)}, where W is the half-
width of the current and Hj is a depth scale that characterizes the potential vorticity.
The most rapidly growing mode in this case has a wavelength that increases with L,
and a growth rate that decreases rapidly when Ly > 1. Thus, in contrast to the well-
known Rayleigh inflection theorem for quasi-geostrophic flows, we have demonstrated
an instability that does not require an extremum (or even a gradient) of potential
vorticity. It seems likely that the presence of significant inertial forces might similarly
destabilize other geophysical flows.

A second type of unstable solution to the single-layer equations has also been found,
but has not been discussed here. In this second mode of instability, perturbations are
linked to one edge of the current, and require a non-zero potential vorticity gradient
if they are to grow. As this mode may also be of geophysical significance (perhaps even
in the case of a single isolated density front), it will be described in another paper.

Our laboratory experiments with a current at the free surface of a rather deep lower
layer confirm that a current with two fronts (and nearly uniform potential vorticity)
is unstable. The observed structure of growing disturbances, when the current width
L, < 3, corresponds closely to that predicted. The velocity perturbations first form
‘cat’s-eye’ structures at the centre line of the current, and the two edges co-operate
to form eventually a train of large anticyclonic eddies. The experiments also indicate
that the single-layer instability due to the coupling of the two free streamlines is
likely to continue to be important when the lower layer is relatively shallow, providing
that L, < 2.

A different mode of instability appears to make the dominant contribution to the
release of energy from the laboratory currents when L, > 3. Each edge of the upper
layer then behaves independently and the lower layer plays a visible role. However,
because the observed non-dimensional wavelength is independent of the theoretical
parameter (current width) over the full range of parameters used, an unambiguous
comparison of the experimental observations with theoretical predictions remains
somewhat unsatisfactory.

The flow configuration that we have considered is somewhat similar to that of the
Denmark Strait overflow, in which large, energetic oscillations are detected. Smith
(1976) presents an intensive discussion of the data for this flow, and finds that the
horizontal components of velocity are in quadrature, and there is a distinct cross-
stream component of perturbation heat flux which has a uniform sign but varies in
magnitude across the stream. The disturbances are attributed to a two-layer baro-
clinic instability and compared with the predictions of a quasi-geostrophic model.
However, the presence of velocity components in quadrature and a cross-stream phase
lag in the cross-stream velocity of up to 90°, may also be consistent with instability
due to a coupling of the two edges of the dense current. The only mitigating factor in
this hypothesis is that the cross-stream heat flux in the one-layer model, by (4.30),
varies as &, and therefore takes both signs across the stream. However, an asymmetric
depth profile could well lead to a very small region of reverse & near one edge, so that
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detection of this area might be difficult. Further knowledge of the mean vorticity
distribution and the influence of bottom curvature is necessary if the two instabilities
are to be compared.
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Appendix A. A Rayleigh integral argument

The following alternative derivation of the leading term in the growth rate may be
found a helpful complement to the matching technique used in §4 and appendix B,
in so far as the assumptions on the structure of the eigenfunctions are apparently less

severe.
From (2.15)—(2.17) and (4.1) it follows that, correct to O(e?), ¢ satisfies

- 1 +h
€+ F) bty =8 (1) 6 = 0@ A1)
where & = ¢— U. This is similar to (4.11). Division by (&+A,)? and integration yields
¢1l ¢v(_L) ~J'v 1+h11 ¢d
L _ Ty - = O(e? A2
E+h, G+h(—L) J-L@+h)ik (€%)- (&2)
Equation (A 2) is to be solved subject to
$(—-L)=0, (A3)
and a condition at y = + L. To obtain this, note that integration of (2.17) gives
L L -
cf hdy =f dy (0 +ah), (A 4)
-L ~L
or, after use of (2.16),
L L _
Ef hdy = —ie’f dyh(u—c) 9, (A 5)
-L -L
and so
L -
ML) = —ie? f dyk(E—c)9, (A 6)
-L

which is equivalent to (4.21).
It is readily seen that, when ¢ = 0, a solution to (A 1), (A 3) and (A 6) is
p=gpo=ah, c=U (or &=0), (A7)
where « is an a.rbitrary a.mphtude factor. We shall now obtain an integral expression

for the next term in ¢, i.e. é. By integrating (A 2) for ¢, and using (A 7) for ¢k~ in the
integral, we obtain

?y( Ltk 4
s - e nea [ erhyan["

=0(2*)+0(c*), (A8)
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where « is taken as ¢,(— L) (€ + k,(— L))~ for convenience. Substitution in condition
(A 6) then gives

{2L+hmf (c+hy)dyf_ é—i—”%zdn}

to leading order. Reversing the order of integration in (A 9) gives

L -
_et J ayha, (A9)

1 + 2 2
= - A 10
{2L+hm e I dy} ¢ J dykat. (A 10)
The term in & inside the mtegral is negllglble, and by rearrangement we obtain
hdy } J’ Lo oo
2L -1li d ——1 =—e2| dyhi’ A 11
S T o e v et I

It is readily shown that the first two terms inside the brackets combine to give a
negligible term of order &. Thus

L
¢ f dyha
7 N e /S
’ _lime hdy (412)
c—0 —L(6+’_‘y)2

The denominator in (A 12) can be written as

T ()l [l o

where ¢ - 0, and y. again represents (one of) the critical layer(s). For ¢ tending to
zero, the right-hand side of (A 13) becomes

R L S s e

o ) dy _ a’""’ﬂz,, O(ﬂi)
(fy Jnﬁa)hiy :VGJ‘ (ﬂ_i) {1 avc(ﬂ—;—t%c')-i_(”—_i)-i_ }

Uye Uye
(A 14)

Now as & — 0, integrals of y"(y — éu, )" tend to 28 — 0, plus correction terms of order
¢ which also are negligible. Hence

. (L }_Ldy vo—8 hdy hc { 2 uwc }
- 1 1 A 15
'!"1‘1’1;-” L +hu)2 (J Juﬁd) w? u,,e é [ ogé—log(~d)]; ( )

= FPJL hd?/ ch"hc (A 16)

@ a
taking log (— &) = log 8 —1imsgn (u,,) as before. Hence the result (4.26) for &2 is re-
covered.
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